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<KLMI

 
F_lh^bqg� \dZa�\db a dmjkm �Dhfi
xl_jgZ ]jZn�dZ lZ ^�Zeh]h\�

kbkl_fb� f�klylv eZ[hjZlhjg� jh[hlb� f_lhx ijh\_^_ggy ydbo } hagZ�

chfe_ggy klm^_gl�\ a Ze]hjblfZfb � f_lh^Zfb \bj�r_ggy aZ\^Zgv

dhfi
xl_jgh� ]jZn�db� EZ[hjZlhjg� jh[hlb gZp�e_g� gZ \bjh[e_ggy

gZ\bqhd� g_h[o�^gbo ijb \bj�r_gg� ijZdlbqgbo aZ\^Zgv dhfi
xl_jgh�

]jZn�db a \bdhjbklZggyf kmqZkgbo fh\ ijh]jZfm\Zggy lZ �gl_]jh\Zgbo

k_j_^h\bs jhajh[db� 
I_jrZ eZ[hjZlhjgZ jh[hlZ� sh agZchfblv a hkgh\gbfb f_lh^Zfb

ih[m^h\b ]jZn�d�\ nmgdp�c� [Zam}lvky gZ \�^hfhklyo� yd� klm^_glb

hljbfmxlv gZ aZgyllyo a \bsh� fZl_fZlbdb� lZ \�^j�agy}lvky g_\bkh�

dbf j�\g_f kdeZ^ghkl�� Ijb �� \bdhgZgg� klm^_glb ih\bgg� ihagZchfb�

lbky a ihgyllyfb� g_h[o�^gbfb ^ey \bdhgZggy gZklmigbo eZ[hjZlhj�

gbo jh[�l� >jm]Z eZ[hjZlhjgZ jh[hlZ agZchfblv klm^_gl�\ a �gdj_f_gl-
gbfb Ze]hjblfZfb – hkgh\hx dhfi
xl_jgh� ]jZn�db� M lj_l�c jh[hl�

ij_^klZ\e_g� aZ\^Zggy ih\
yaZg� a Ze]hjblfZfb Zn�ggbo i_j_l\hj_gv

gZ iehsbg�� yd� dj�f kmlh l_hj_lbqgbo agZgv� gZ^Zxlv fh`eb\hkl� yd�

m ih^Zevrhfm [m^mlv \bdhjbklh\m\Zlbky yd �hklZgg�c djhd� mk�o \�am�

Ze�aZp�c� Q_l\_jlZ� i
ylZ lZ rhklZ eZ[hjZlhjg� jh[hlb agZchfeylv klm�

^_gl�\ a j�agbfb Zki_dlZfb dhfi
xl_jgh� \�amZe�aZp�� ljb\bf�jgbo  
h[
}dl�\� 

IjZdlbdmf \dexqZ} dhjhld� l_hj_lbqg� \�^hfhkl� ih dh`g�c a eZ�

[hjZlhjgbo jh[�l� L_hj_lbqgbc fZl_j�Ze \bdeZ^_gbc klbkeh � jhajZoh�



 

\Zgbc gZ klm^_gl�\� yd� \i_jr_ \b\qZxlv ^Zgbc ij_^f_l� GZ\_^_g�

ijbdeZ^b njZ]f_gl�\ ijh]jZf �a \bdhjbklZggyf ik_\^hdh^m lZ fh\b

-DYD Z[h &���  
>ey \bdhgZggy ijZdlbdmfm klm^_glb ih\bgg� fZlb gZ\bqdb jh[h�

lb gZ ?HF lZ \heh^�lb hkgh\Zfb fh\ ijh]jZfm\Zggy�  
EZ[hjZlhjgbc ijZdlbdmf ijh\h^blvky dh`gbf klm^_glhf �g^b\��

^mZevgh� >ey pvh]h klm^_gl hljbfm} h^g_ �a aZ\^Zgv \�^ih\�^gh ^h \dZ�

aZgh]h \bdeZ^Zq_f \Zj�ZglZ� Jh[hlZ \bdhgm}lvky a]�^gh ^h ^Zgbo f_�

lh^bqgbo \dZa�\hd i�^ d_j�\gbpl\hf \bdeZ^ZqZ� I_j_^ \bdhgZggyf

jh[hlb gZ ?HF klm^_glh\� ke�^ hljbfZlb ^h g_� ^himkd� Ijb \bdhgZg�

g� eZ[hjZlhjgh� jh[hlb klm^_gl ih\bg_g ij_^
y\blb jh[hqm \_jk�x

ijh]jZfb � j_amevlZl �� jh[hlb gZ ?HF� 
EZ[hjZlhjgZ jh[hlZ \\Z`Z}lvky \bdhgZghx i�key �� aZobklm� >ey

aZobklm jh[hlb g_h[o�^gh ij_^klZ\blb j_amevlZlb \bdhgZggy ijh]jZ�

fb gZ ?HF � a\�l� hnhjfe_gbc \�^ih\�^gh ^h \bfh]�  
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EZ[hjZlhjgZ�jh[hlZ�������

Ih[m^m\Zggy�]jZn�d�\�nmgdp�c�

AZ\^Zggy
 

1. Kl\hjblb ijh]jZfm �a ajmqgbf �gl_jn_ckhf dhjbklm\ZqZ� sh

[m^_ j_Ze�ah\m\Zlb fh`eb\�klv ih[m^h\b ]jZn�dZ nmgdp�� \�^ih\�^gh ^h

\Zj�ZglZ aZ\^Zggy� 
2. J_Ze�am\Zlb \ ijh]jZf� fh`eb\�klv ^�Zeh]h\h]h j_`bfm \\_�

^_ggy f_` �gl_j\Zem� gZ ydhfm [m^m}lvky ]jZn�d nmgdp���  

<Zj�Zglb aZ\^Zgv
 

� \Zj�Zglm Nmgdp�y 1gl_j\Ze 

1 ������FRV �
�[[\ =  [0, 2.0] 

2 [[\ ����VLQ
� −=  [0.1, 3.0] 

3 ���������FRV �
�[�[\ =  [1.0, 3.0] 

4 ����������������
��

[��[�\ =  [0, 3.0] 

5 ������������[���� ��
[���\ =  [1.0, 5.0]    

6 �VLQ�����OJ �
[�[�[\ =  [1.0, 4.5] 

7 ������WJ ��
�[[\ =  [0, 1.4] 

8 �FRV�������OJ ��
[�[[\ −=  [1.2, 5.0] 

9 �������������[��FRV
�

[���\ =  [1.0, 3.0] 

10 �����������OQ����[���� ��
[���\ =  [0, 3.0] 

L_hj_lbqg� \�^hfhkl�
 

>ey ih[m^h\b ]jZn�dZ nmgdp�� y = f (x� gZ iZi_j� h[bjZ}lvky ijy�
fhdmlgbc ^�ZiZahg �X1, X2)* (Y1, Y2�� =heh\gZ ijh[e_fZ� sh \bgbdZ} ijb

ih[m^h\� ]jZn�d�\ nmgdp�c gZ _djZg� fhg�lhjZ� amfh\e_gZ g_h[o�^g�klx

i_j_l\hj_ggy ijyfhdmlgbdZ �X1, X2)* (Y1, Y2� m ijyfhdmlgbd gZ _djZg�

(Xs1, Xs2)*(Ys1, Ys2�� P_ i_j_l\hj_ggy kdeZ^Z}lvky a hi_jZp�c fZkrlZ�

[m\Zggy � i_j_ghkm� yd� fh`gZ j_Ze�am\Zlb lZdbf qbghf >3]: 
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Ijb h[qbke_gg� \_jlbdZevgbo _djZggbo dhhj^bgZl g_h[o�^gh aZ

^hihfh]hx agZdm \jZoh\m\Zlb� sh gmf_jZp�y jy^d�\ �^_ a]hjb ^hgbam�

GZ\_^_fh ijbdeZ^ deZkm -DYD� sh fh`_ [mlb \bdhjbklZgbc ^ey \bdh�

gZggy hi_jZp�c fZkrlZ[m\Zggy� 
public class  WindowParams { 
  private  double  minX,  maxX,  minY,  maxY; 
  private  int  i1,  i2,  j1,  j2; 
  public  WindowParams( double  minX, double  maxX,  
      double  minY, double  maxY,  
      int  i1, int  i2, int  j1, int  j2) { 
        this .minX = minX; 
        this .maxX = maxX; 
        this .minY = minY; 
        this .maxY = maxY; 
        this .i1 = i1; 
        this .i2 = i2; 
        this .j1 = j1; 
        this .j2 = j2; 
  } 
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  public  int  toScreenX( double  x) { 
     return ( int )(i1+Math.round((x-minX)*(i2-i1)/ 

            (maxX-minX))); 
  } 
  public  int  toScreenY( double  y) { 
    return  ( int )(j2+Math.round((y-minY)*(j1-j2)/ 

           (maxY - minY))); 
  } 
  public  double  toRealX( int  i) { 
    return  minX + (i-i1)*(maxX-minX)/(i2-i1); 
  } 
  public  double  toRealY( int  j) { 
    return  minY + (j-j2)*(maxY-minY)/(j1-j2); 
  } 
  public  double  getMaxX() { 
    return  maxX; 
  } 
  public  double  getMaxY() { 
    return  maxY; 
  } 
  public  double  getMinX() { 
    return  minX; 
  } 
  public  double  getMinY() { 
    return  minY; 
  } 
} 
F_lh^b WR6FUHHQ;�� lZ WR6FUHHQ<�� gZ\_^_gh]h deZkm \bdhgmxlv

i_j_jZomghd dhhj^bgZl �a j_Zevgbo �k\�lh\bo� m _djZgg�� : f_lh^b

WR5HDO;�� lZ WR5HDOY()  – a\hjhlg_ i_j_l\hj_ggy� 
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EZ[hjZlhjgZ�jh[hlZ�������

1gdj_f_glg��Ze]hjblfb�

 
AZ\^Zggy

 

1. Kl\hjblb ijh]jZfm �a ajmqgbf �gl_jn_ckhf dhjbklm\ZqZ� sh
[m^_ j_Ze�ah\m\Zlb fh`eb\�klv ih[m^h\b jbkmgdm \�^ih\�^gh ^h \Zj�Zg-
lZ aZ\^Zggy� 

2. /^bghx ]jZn�qghx hi_jZp�}x� sh ^ha\hey}lvky \bdhjbklh\m�
\Zlb� } hi_jZp�y ih[m^h\b lhqdb� <k� �gr� ]jZn�qg� _e_f_glb – e�g��� sh
ml\hjxxlv [Z]Zlhdmlgbdb dhglmj�\ kbf\he�\� ih\bgg� [m^m\Zlbky �a

\bdhjbklZggyf �gdj_f_glgbo Ze]hjblf�\ ;j_a_go_fZ� 
3. J_Ze�am\Zlb \ ijh]jZf� fh`eb\�klv ^�Zeh]h\h]h j_`bfm \b[hjm

dhevhjm ah[jZ`_ggy�  
 
<Zj�Zglb aZ\^Zgv

 

� \Zj�Zglm AZ\^Zggy 

1 I_jrZ e�l_jZ \Zrh]h ij�a\bsZ lZ pbnjZ � 
2 I_jrZ e�l_jZ \Zrh]h �f_g� lZ pbnjZ � 
3 I_jrZ e�l_jZ \Zrh]h ij�a\bsZ lZ pbnjZ � 
4 I_jrZ e�l_jZ \Zrh]h �f_g� lZ pbnjZ � 
5 I_jrZ e�l_jZ \Zrh]h ij�a\bsZ lZ pbnjZ � 
6 I_jrZ e�l_jZ \Zrh]h �f_g� lZ pbnjZ � 
7 I_jrZ e�l_jZ \Zrh]h ij�a\bsZ lZ pbnjZ � 
8 I_jrZ e�l_jZ \Zrh]h �f_g� lZ pbnjZ � 
9 I_jrZ e�l_jZ \Zrh]h ij�a\bsZ lZ pbnjZ � 
10 I_jrZ e�l_jZ \Zrh]h �f_g� lZ pbnjZ � 

 
Ijbf�ldZ� E�l_jZ � pbnjZ ih\bgg� [mlb ah[jZ`_g� yd lZd�� sh

ijb \bj�aZgg� a ebkldh\h]h f_lZem g_ jhaiZ^Zxlvky gZ qZklbgb� gZ�

ijbdeZ^� e�l_jZ X� fh`_ [mlb ah[jZ`_gZ lZd (jbk� �): 

 
Jbk� �� IjbdeZ^ ah[jZ`_ggy e�l_jb 
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L_hj_lbqg� \�^hfhkl�
 

Ijb ih[m^h\� ]jZn�qgbo ah[jZ`_gv [m^v-ydZ ]jZn�qgZ [�[e�hl_dZ
\bdhjbklh\m} hi_jZp�� jbkm\Zggy ]jZn�qgbo ijbf�lb\�\ lbim "lhqdZ", 
"ijyfZ", "dheh", "_e�ik" � l�i� Ijhl_� \ hkgh\� [m^v-ydh� ]jZn�qgh� [�[-
e�hl_db e_`blv hi_jZp�y \�^h[jZ`_ggy lhqdb� : �gr�� [�evr kdeZ^g�
n�]mjb ah[jZ`mxlvky aZ ^hihfh]hx \b\_^_ggy [Z]Zlvho lhqhd�  

Jha]eyg_fh� gZijbdeZ^� yd \bdhjbklh\mxqb ebr_ hi_jZp�x \b\_�
^_ggy lhqdb� fh`gZ gZfZex\Zlb \�^j�ahd ijyfh� e�g�� �jbk� ��� 

 

 
 

Jbk� �� Ah[jZ`_ggy \�^j�adZ ijyfh� e�g�c 
 

Dh`_g \�^j�ahd \bagZqZ}lvky dhhj^bgZlZfb ihqZldm � d�gpy� �x1, y1) 
lZ �x2, y2�� Yd \�^hfh� q_j_a dh`g� ^\� lhqdb ijhoh^blv }^bgZ ijyfZ� ��

j�\gyggy fh`gZ ij_^klZ\blb m \b]ey^�
[�[�

[�[
 

\�\�

\�\

−
−

−
−

� Z[h

�������� \�\�[�[ \�\[�[� −−−− � a\�^db \bieb\Z} �\� \  

�� \�\�
[�[�

[�[
� −

−
−

� lh[lh y = f (x� Z[h
��

����
\\

[[
\�\�[� [

−
−

− � lh[lh  

x = f1(y). 
< aZe_`ghkl� \�^ dmlZ gZobem ijyfh� \bdhgm}lvky pbde \a^h\` \�k� x 

Z[h y� ydsh |x2 - x1| > |y2 - y1_� lh \bdhgm}lvky pbde ih x� ydsh g� – lh ih y. 
GZ hkgh\� pbo nhjfme fh`eb\h ih[m^m\Zlb Ze]hjblf \b\_^_ggy

ijyfh� e�g��� m ydhfm� yd e_]dh [Zqblb� [m^_ f�klblbkv hi_jZp�y ^�e_g�
gy� ijhl_� hkd�evdb gZ _djZg lj_[Z \b\h^blb l�evdb p�e� dhhj^bgZlb� lh
^h\_^_lvky s_ \bdhjbklh\m\Zlb hi_jZp�x hdjm]e_ggy� Dj�f lh]h� yd
\�^hfh� hi_jZp�� a ^�ckgbfb qbkeZfb gZ [�evrhkl� dhfi'xl_jgbo ieZl�
nhjf \bdhgmxlvky ih\�evg�r_� g�` �a p�ebfb qbkeZfb� Lhfm� [Z`Zgh
jhajh[blb lZdbc Ze]hjblf ih[m^h\b ijyfbo e�g�c� ydbc [b g_ \bdhjb�
klh\m\Z\ hi_jZp�c ^�e_ggy lZ hdjm]e_ggy� Hkd�evdb ihqZldh\� lZ d�g�
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p_\� dhhj^bgZlb \�^j�adZ ijyfh� } p�ebfb qbkeZfb� lh \k� ^�� \ gvhfm
[m^mlv ebr_ gZ^ p�ebfb qbkeZfb� 

;j_a_go_f aZijhihgm\Z\ i�^o�^� sh ^ha\hey} jhajh[eylb lZd a\Zg�
�gdj_f_glg� Ze]hjblfb jZkl_jbaZp��� Hkgh\ghx f_lhx ^ey jhajh[db
lZdbo Ze]hjblf�\ [meZ ih[m^h\Z pbde�\ h[qbke_ggy dhhj^bgZl gZ hk�
gh\� l�evdb hi_jZp�c a p�ebfb qbkeZfb – ^h^Z\Zggy�\�^g�fZggy� lZ [_a
aZklhkm\Zggy fgh`_ggy lZ ^�e_ggy� GZ l_i_j�rg�c qZk \�^hf� �gdj_-
f_glg� Ze]hjblfb g_ l�evdb ^ey \�^j�ad�\ ijyfbo� Ze_ � ^ey djb\bo e�g�c� 

1gdj_f_glg� Ze]hjblfb \bdhgmxlvky yd ihke�^h\g_ h[qbke_ggy
dhhj^bgZl kmk�^g�o i�dk_e�\ reyohf ^h^Z\Zggy ijbjhkl�\ dhhj^bgZl�
Ijbjhklb h[qbkexxlvky gZ hkgh\� ZgZe�am nmgdp�� ihob[db� < pbde�
\bdhgmxlvky ebr_ p�ehqbkeh\� hi_jZp�� ihj�\gyggy � ^h^Z\Zg�
gy�\�^g�fZggy� LZdbf qbghf ^hky]Z}lvky a[�evr_ggy r\b^dhkl� h[qb-
ke_ggy dh`gh]h i�dk_ey m ihj�\gygg� a ijyfbf reyohf gZ hkgh\� nhj-
fmeb j�\gyggy ijyfh�� 

GZ\_^_fh h^bg a \Zj�Zgl�\ Ze]hjblfm ;j_a_go_fZ ^ey ijyfh� �\k�
af�gg�� sh \bdhjbklh\mxlvky \ pvhfm Ze]hjblf�� ebr_ p�e��� 

xErr = 0; yErr = 0; 
dx = x2 – x1; dy = y2 – y1; 
Ydsh G[ ! � lh LQF;  �� 
     G[  � lh LQF;  �� 

G[ � � lh LQF;  -1;  
Ydsh G\ ! � lh LQF<  �� 

G\  � lh LQF<  �� 
G\ � � lh LQF<  -1;  

dx = |dx|; dy = |dy|; 
Ydsh G[ ! G\  

lh G  G[  
�gZdr_ G  G\� 

x = x1; y = y1; 
fZex\ZlbI�dk_e�[�\�� 
<bdhgZlb pbde G jZa�\ ^ 

xErr += dx; 
yErr += dy; 
Ydsh [(UU ! G� lh ^ 

xErr -= d; x += incX; 
} 
Ydsh \(UU ! G� lh ^ 

yErr -= d; y += incY; 
     } 

fZex\ZlbI�dk_e�[�\�� 
}  
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>ey j_Ze�aZp�� pvh]h Ze]hjblfm aZ ^hihfh]hx [m^v ydh� fh\b ijh�

]jZfm\Zggy� lj_[Z ij_^klZ\blb �gkljmdp�� ik_\^hdh^m m \b]ey^� �gkljm�

dp�c fh\b� dj�f lh]h� lj_[Z \bdhjbklZlb h^gm a �kgmxqbo ]jZn�qgbo

[�[e�hl_d h[jZgh� fh\b ijh]jZfm\Zggy� < h[jZg�c [�[e�hl_p� lj_[Z kdh�

jbklZlbky nmgdp�}x� sh fZex} lhqdm gZ _djZg� lZ aZf�gblb g_x �g�

kljmdp�x �fZex\ZlbI�dk_e�� 
Dj�f Ze]hjblf�\ ih[m^h\b ijyfbo e�g�c� ;j_a_go_f aZijhihgm\Z\

lZdh` Ze]hjblfb ih[m^h\b ^_ydbo djb\bo� dheZ� _e�ikZ lZ �g� 
GZ\_^_fh �gdj_f_glgbc Ze]hjblf \b\_^_ggy dheZ a p_gljhf m lhq-

p� xc, yc lZ jZ^�mkhf radius� ijb pvhfm [m^_fh \\Z`Zlb� sh \ gZk } \ba-
gZq_gZ lZdZ nmgdp�y VLP� sh fZex} lhqdb kbf_ljbqgh \�^ghkgh lhqdb

[F� \F lZ ijyfbo� sh ijhoh^ylv q_j_a px lhqdm iZjZe_evgh hkyf dhhj-
^bgZl� 

sim(int x, int y, Color col) { 
    fZex\ZlbI�dk_e(x+xc, y+yc, col); 
    fZex\ZlbI�dk_e(x+xc, -y+yc, col); 
    fZex\ZlbI�dk_e(-x+xc, -y+yc, col); 
    fZex\ZlbI�dk_e(-x+xc, y+yc, col); 
    fZex\ZlbI�dk_e(y+xc, x+yc, col); 
    fZex\ZlbI�dk_e(y+xc, -x+yc, col); 
    fZex\ZlbI�dk_e(-y+xc, -x+yc, col); 
    fZex\ZlbI�dk_e(-y+xc, x+yc, col); 
} 
  
d = 3 – 2 * y; 
x = 0; 
y = r; 
ihdb (x <= y) { 
      sim(x,y); 
      ydsh (d<0)  
      lh ^ 
          d = d + 4 * x + 6; 
      } 

�gZdr_ ^ 
          d = d + 4 * (x - y) + 10; 
          dec(y); 
      } 
      x++; 
} 
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< pvhfm Ze]hjblf� \bdhjbklZgh kbf_lj�x dheZ – \ hkgh\ghfm pb�

de� h[qbkexxlvky dhhj^bgZlb lhqhd dheZ l�evdb ^ey h^gh]h hdlZglZ

�f�` ijhf_gyfb 2$ � 2%� � h^jZam fZexxlvky \�k�f kbf_ljbqgh jha�

lZrh\Zgbo i�dk_e�\ �jbk� ��� 
 

 
 

Jbk� �� Kbf_lj�y dheZ 

EZ[hjZlhjgZ�jh[hlZ�������

:n�gg��i_j_l\hj_ggy�gZ�iehsbg��

 
AZ\^Zggy

 

1. Kl\hjblb ijh]jZfm� sh fZlbf_ ajmqgbc �gl_jn_ck �\�dgh� ]h�

eh\g_ f_gx� jy^hd klZlmkm lZ �g��� M \�dg� ijh]jZfb ih\bggh kl\hjx�

\Zlbky lZ \�^h[jZ`Zlbkv ah[jZ`_ggy n�]mjb� kl\hj_gh� \�^ih\�^gh aZ\-
^Zggy eZ[hjZlhjgh� jh[hlb � �� 

2. AZ ^hihfh]hx hi_jZp�c a fZljbpyfb � \_dlhjZfb j_Ze�am\Zlb

Zn�gg� i_j_l\hj_ggy n�]mjb �i_j_f�s_ggy ih _djZgm� a[�evr_ggy�af_g-
r_ggy� ih\hjhlb�� Ijh]jZfZ ih\bggZ gZ^Z\Zlb fh`eb\�klv \bdhgZggy

gZ^ n�]mjhx ljvho hkgh\gbo Zn�ggbo i_j_l\hj_gv� ijb pvhfm \b[�j

lhqdb� \�^ghkgh ydh� [m^_ \�^[m\Zlbky ih\hjhl lZdh` ih\bg_g h[b-
jZlbkv dhjbklm\Zq_f �ijbdeZ^ ah[jZ`_gh gZ jbk� ��� 

 

              
Jbk� �. AZ\^Zggy ^h eZ[hjZlhjgh� jh[hlb � 3 
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L_hj_lbqg� \�^hfhkl�
 

AZ^Zfh ydmkv ^\h\bf�jgm kbkl_fm dhhj^bgZl �[� \�� :n�gg_ i_j_�
l\hj_ggy gZ iehsbg� hibkm}lvky nhjfmeZfb 

 

&�%\�$[ ;  
 

)�(\�'[ < , 
 

^_ $� %� &� '� (� ) – dhgklZglb� AgZq_ggy �;� <� fh`gZ jha]ey^Zlb� yd  
dhhj^bgZlb  \ gh\�c kbkl_f�  dhhj^bgZl�  H[_jg_g_  i_j_l\hj_ggy �;� 
Y)  m �[� \� lZdh` } Zn�ggbf� 

:n�gg� i_j_l\hj_ggy ajmqgh aZibkm\Zlb m fZljbqghfm \b]ey^��

DhgklZglb $� %� '� ( ml\hjxxlv fZljbpx i_j_l\hj_ggy� dhljZ� [m^mqb

ihfgh`_gZ gZ fZljbpx-klh\i_pv dhhj^bgZl �[� \� ^Z} fZljbpx-
klh\i_pv �;� <�� H^gZd sh[ mjZom\Zlb dhgklZglb & lZ )� g_h[o�^gh i_�

j_clb ^h lZd a\Zgbo h^ghj�^gbo dhhj^bgZl – ^h^Zfh  s_  h^bg jy^hd
m fZljbpyo dhhj^bgZl� 
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FZljbqgbc aZibk ^Z} fh`eb\�klv gZhqgh hibkm\Zlb ^_d�evdZ i_�

j_l\hj_gv� sh c^mlv h^g� aZ h^gbfb� GZijbdeZ^� ydsh g_h[o�^gh kih�

qZldm \bdhgZlb i_j_l\hj_ggy  
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Z ihl�f — �gr_ i_j_l\hj_ggy  
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lh p_ fh`gZ hibkZlb yd 
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H^gZd aZf�klv ^\ho i_j_l\hj_gv fh`gZ \bdhgZlb l�evdb h^g_ 
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^_ fZljbpy C ̂ hj�\gx} ^h[mldm BA. 
L_i_j jha]eyg_fh hdj_f� \biZ^db Zn�ggh]h i_j_l\hj_ggy� 
�� IZjZe_evgbc akm\ dhhj^bgZl �jbk� 6) 
GZ jbk� � lhqdZ : i_j_l\hjx}lvky m lhqdm <. 
 

 
Jbk� �� Hi_jZp�y iZjZe_evgh]h akm\m lhqdb $ \ lhqdm B 

 





+=
+=
G\\<

G[[;
 M fZljbqg�c nhjf�� �

���

��

��
















G\

G[

 

 

�� Jhaly]g_ggy-klbkdZggy� Z[h fZkrlZ[m\Zggy �jbk� �� 
FZkrlZ[m\Zggyf h[¶}dl�\ gZab\Z}lvky jhaly]g_ggy h[¶}dl�\

\a^h\` \�^ih\�^gbo hk_c dhhj^bgZl \�^ghkgh ihqZldm dhhj^bgZl� Py

hi_jZp�y aZklhkh\m}lvky ^h dh`gh� lhqdb h[¶}dlZ� lhfm fh`gZ lZdh`

]h\hjblb ijh fZkrlZ[m\Zggy lhqdb� Ijb pvhfm� a\�kgh� fh\Z g_ �^_

ijh af�gm jhaf�j�\ kZfh� lhqdb� FZkrlZ[m\Zggy ^hky]Z}lvky fgh`_g�
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gyf dhhj^bgZl lhqhd gZ ^_yd� dhgklZglb� < lhfm \biZ^dm� dheb p� dhg�

klZglb h^gZdh\�� fZkrlZ[m\Zggy gZab\Zxlv h^ghj�^gbf� GZ jbk� � gZ�

\_^_gh ijbdeZ^ h^ghj�^gh]h fZkrlZ[m\Zggy ljbdmlgbdZ :<K� 
 

 
Jbk� �� Hi_jZp�y fZkrlZ[m\Zggy 

 
I�key aZklhkm\Zggy hi_jZp�� h^ghj�^gh]h fZkrlZ[m\Zggy a dh_n��

p�}glhf � \�g i_j_oh^blv \ ljbdmlgbd :'<'K'.  
FZkrlZ[m\Zggy fh`gZ ij_^klZ\blb lZdbfb nhjfmeZfb� 
 





=
=

\

[

6\<

6[;






, Z[h m fZljbqg�c nhjf�

















���

��

��

\

[

6

6

 

 

Dh_n�p�}glb Sx lZ Sy fh`mlv [mlb \�^¶}fgbfb� GZijbdeZ^� 6x= –1 
\�^ih\�^Z} ^a_jdZevghfm \�^[bllx \�^ghkgh hk� <� 

3. Ih\hjhl �jbk� �� 
GZ jbkmgdm � lhqdZ A(x, y) i_j_oh^blv \ lhqdm B(x', y') ih\hjhlhf

gZ dml α.  
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Jbk� �� Hi_jZp�y ih\hjhlm lhqdb $ gZ dml α 

 

AgZc^_fh i_j_l\hj_ggy dhhj^bgZl lhqdb : \ lhqdm <� IhagZqbfh

dml� sh ml\hjx} jZ^�mk-\_dlhj OA a \�kkx H[ yd β� G_oZc U – ^h\`bgZ
jZ^�mk-\_dlhjZ OA� lh^� 

 

�VLQVLQFRV�FRV��FRV β⋅α−β⋅α⋅=β+α⋅=′ UU[  

��VLQFRVFRV�VLQ��VLQ β⋅α+β⋅α⋅=β+α⋅=′ UU\  
 

Hkd�evdb 
U

[=βFRV  lZ 
U

\=βVLQ � lh i�^klZ\eyxqb p� \bjZab \ j�\�

gyggy ^ey x' b y'� hljbfm}fh�  
 

α⋅−α⋅=′ VLQFRV \[[  

�FRVVLQ α⋅+α⋅=′ \[\  
 

M fZljbqghfm \b]ey^��   
 

�

���

�FRVVLQ

�VLQFRV
















αα
α−α

 

 

Jha]eyg_fh� ydbf h[jZahf aZ ^hihfh]hx dhfihabp�� fZljbqgbo

i_j_l\hj_gv fh`gZ h^_j`Zlb h^g_ aZ]Zevg_ j_amevlmxq_ i_j_l\hj_g�

gy� >ey pvh]h [m^_fh \bdhjbklh\m\Zlb fZljbp� 7� 6 lZ 5� A h[qbkex-
\Zevgh� lhqdb ahjm gZ[Z]Zlh ijhkl�r_ c r\b^r_ aZklhkh\m\Zlb fZljb�

px \`_ ]hlh\h]h i_j_l\hj_ggy aZf�klv lh]h� sh[ aZklhkh\m\Zlb �o ih�

ke�^h\gh h^gm aZ �grhx� >h lhqdb [�evr _n_dlb\gh aZklhkh\m\Zlb h^�

g_ j_amevlmxq_ i_j_l\hj_ggy� g�` jy^ i_j_l\hj_gv h^bg aZ h^gbf� 



 

>ey ijbdeZ^m jha]eyg_fh aZ\^Zggy ih\hjhlm h[
}dlZ gZ iehsbg�

sh^h ^_ydh� ^h\�evgh� lhqdb �X,Y�� Ihdb fb \f�}fh ih\_jlZlb h[
}dlb
l�evdb gZ\dheh ihqZldm dhhj^bgZl� :e_ fh`gZ ij_^klZ\blb p_ aZ\^Zggy

yd ihke�^h\g�klv djhd�\� gZ dh`ghfm a ydbo [m^_ aZklhkh\m\Zlbky l�ev�

db _e_f_glZjgZ hi_jZp�y� akm\� fZkrlZ[m\Zggy Z[h h[_jlZggy� 
Hkv py ihke�^h\g�klv _e_f_glZjgbo i_j_l\hj_gv �jbk� ��� 
1. Akm\� ijb ydhfm lhqdZ j0 i_j_oh^blv \ ihqZlhd dhhj^bgZl� 
2. Ih\hjhl gZ \dZaZgbc dml� 
3. Akm\� ijb ydhfm lhqdZ a ihqZldm dhhj^bgZl ih\_jlZ}lvky \ ih�

qZldh\_ iheh`_ggy j0. 
 

 
Jbk� �� Ihke�^h\g�klv i_j_l\hj_gv  

ijb ih\hjhl� gZ\dheh lhqdb jh = (o0, m0� gZ dml α 
 

LhqdZ jh = (o0, m0).  I_jrbc  akm\ \�^[m\Z}lvky gZ \_dlhj [–x0, –y0], 
Z a\hjhlgbc i_j_ghk - gZ \_dlhj [x0, y0]. 
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EZ[hjZlhjgZ�jh[hlZ������

Ih[m^h\Z�ijh_dp�c�ljb\bf�jgbo�h[¶}dl�\�

 
AZ\^Zggy

 

1. Jhajh[blb ijh]jZfm� sh [m^m} lhqdh\m �i_jki_dlb\gm� ijh_d�

p�x ljb\bf�jgh]h h[¶}dlZ� H[¶}dl ^ey ih[m^h\b \b[jZlb kZfhkl�cgh lZ

aZl\_j^blb m \bdeZ^ZqZ�  H[¶}dl ih\bg_g fZlb ihgZ^ �� [Zah\bo lhqhd
� kdeZ^Zlbky �a �� Z[h [�evr_ [Z]Zlhdmlgbd�\ �ihe�]hg�\� � 

2. Kl\hj_gZ ijh]jZfZ ih\bggZ gZ^Z\Zlb fh`eb\�klv Zn�ggbo i_�

j_l\hj_gv n�]mjb� sh \�^h[jZ`Z} a[m^h\Zgm ijh_dp�x� 

L_hj_lbqg� \�^hfhkl�
 

Ijhp_k \b\_^_ggy ljb\bf�jgh� ]jZn�qgh� �gnhjfZp�� ih kml� } kdeZ^-
g�rbf� g�` \�^ih\�^gbc ^\h\bf�jgbc ijhp_k� KdeZ^g�klv� oZjZdl_jgZ
^ey ljb\bf�jgh]h \biZ^dm� �jmglm}lvky gZ lhfm� sh ih\_jogy \b\_�
^_ggy g_ fZ} ]jZn�qgh]h lj_lvh]h \bf�jm� LZdZ g_\�^ih\�^g�klv f�`
ijhklhjh\bfb h[¶}dlZfb � ieZkdbfb ah[jZ`_ggyfb mkm\Z}lvky rey�
ohf \\_^_ggy ijh_dp�c� yd� \�^h[jZ`mxlv ljb\bf�jg� h[¶}dlb gZ ^\h�
\bf�jg�c ijh_dp�cg�c dZjlbgg�c iehsbg�� < ijhp_k� \b\_^_ggy ljb\b�
f�jgh� ]jZn�qgh� �gnhjfZp�� fb aZ^Z}fh \b^bfbc h[
}f \ k\�lh\hfm
ijhklhj�� ijh_dp�x gZ dZjlbggm iehkd�klv � ihe_ \b\h^m gZ \b^h\�c
ih\_jog�� M aZ]Zevghfm \biZ^dm h[
}dlb� \bagZq_g� \ ljb\bf�jghfm
k\�lh\hfm ijhklhj�� \�^k�dZxlvky ih f_`Zo ljb\bf�jgh]h \b^bfh]h
h[
}fm � i�key pvh]h ijh_dlmxlvky� L_� sh ihljZiey} \ f_`� \�dgZ� yd_
kZfh } ijh_dp�}x \b^bfh]h h[
}fm gZ dZjlbggm iehkd�klv� ihl�f i_j_�
l\hjblvky \ ihe�  \b\h^m  � \�^h[jZ`m}lvky gZ  ]jZn�qghfm  ijbkljh��
M aZ]Zevghfm \biZ^dm hi_jZp�y ijh_dp�� i_j_l\hjx} lhqdb� aZ^Zg� \ kb-
kl_f� dhhj^bgZl jhaf�jghkl� Q� \ lhqdb kbkl_fb dhhj^bgZl jhaf�jghkl�
f_gr�c� g�` Q� M gZrhfm \biZ^dm lhqdZ ljb\bf�jgh]h ijhklhjm \�-
^h[jZ`m}lvky \ ^\h\bf�jgbc ijhkl�j� Ijh_dp�y ljb\bf�jgh]h h[¶}dlZ
[m^m}lvky aZ ^hihfh]hx ijyfbo ijhf_g�\� sh ch]h ijh_pbjmxlv� P�
ijhf_g� gZab\Zxlvky ijh_dlhjZfb � \hgb \boh^ylv a p_gljm ijh_dp���
ijhoh^ylv q_j_a dh`gm lhqdm h[¶}dlZ �� ijb i_j_lbgZgg� dZjlbggh�
iehsbgb� kl\hjxxlv ijh_dp�x� GZ jbk� �� ij_^klZ\e_g� ^\� j�ag� ijh�
_dp�� h^gh]h c lh]h kZfh]h \�^j�adm � ijh_dlhjb� yd� ijhoh^ylv q_j_a
ch]h d�gp_\� lhqdb� 
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Jbk� ��� Ih[m^h\Z ijh_dp�c 
 

<bagZq_gbc lZdbf qbghf deZk ijh_dp�c \�^hfbc i�^ gZa\hx iehk-
dbo ]_hf_ljbqgbo ijh_dp�c� hkd�evdb ijh_dlm\Zggy a^�ckgx}lvky gZ

iehsbgm� Z g_ gZ \bdjb\e_gm ih\_jogx � yd ijh_dlhjb \bdhjbklh\m�

xlv ijyf� e�g��� IeZkd� ]_hf_ljbqg� ijh_dp�� fh`gZ jha^�eblb gZ ^\Z

hkgh\g� deZkb� p_gljZevg� �i_jki_dlb\g�� � iZjZe_evg� �hjlh]hgZevg���

<�^f�gg�klv f�` gbfb \bagZqZ}lvky ki�\\�^ghr_ggyf f�` p_gljhf

ijh_dp�� � ijh_dp�cghx iehkd�klx� LZd� ydsh \�^klZgv f�` gbfb� a\b�

qZcgZ� lh ijh_dp�y [m^_ p_gljZevghx� ydsh ` \hgZ g_kd�gq_gZ� lh – 
iZjZe_evghx� Ijb hibk� p_gljZevgh� ijh_dp�� fb y\gh aZ^Z}fh ��

p_glj� lh^� yd ^ey iZjZe_evgh� ijh_dp�� fb \dZam}fh ebr_ gZijyf ijh�

_dlm\Zggy� P_glj ijh_dp�� ihjh^`m} \�amZevgbc _n_dl� ZgZeh]�qgbc

lhfm� ^h ydh]h ijb\h^ylv nhlh]jZn�qg� kbkl_fb � \bdhjbklh\m}lvky

m \biZ^dZo� dheb [Z`Zgh ^hky]lb ^_ydh� f�jb j_Ze�afm� Ke�^ aZm\Z`b�

lb� sh jhaf�j p_gljZevgh� ijh_dp�� h[
}dlm af�gx}lvky a\hjhlgh ijh�

ihjp�cgh ^h \�^klZg� \�^ p_gljm ijh_dp�� ^h h[
}dlm� IZjZe_evgZ ijh_d-
p�y ihjh^`m} f_gr j_Ze�klbqg_ ah[jZ`_ggy� hkd�evdb \�^kmlg} i_jk�

i_dlb\g_ �mdhjhq_ggy� h[
}dlm� Ijh_dp�y n�dkm} ^�ckg� jhaf�jb h[
}d�

lm� � iZjZe_evg� e�g�� aZebrZxlvky iZjZe_evgbfb� 
M aZ]Zevghfm \biZ^dm aZ\^Zggy ih[m^h\b p_gljZevgh� ijh_dp��

ihey]Z} \ lhfm� sh[ \bagZqblb ijh_dp�x lhqdb h[
}dlm� jhalZrh\Zgh�

\ ^h\�evghfm f�kp� ljb\bf�jgh]h ijhklhjm� gZ ^_ydm iehsbgm \ pvhfm

` ijhklhj�� Px iehsbgm gZab\Zxlv dZjlbgghx� AgZoh^`_ggy p_gljZev-
gh� ijh_dp�� } hdj_fbf \biZ^dhf aZ\^Zggy \bagZq_ggy i_j_lbgZggy

ijhf_gy L a iehsbghx α \ ljb\bf�jghfm ijhklhj� �jbk� ���� 
M dhfi¶xl_jg�c ]jZn�p� aZ\^Zggy h[qbke_ggy p_gljZevgh� ijh_d�

p��� yd ijZ\beh� kbevgh kijhs_g_� < ^Zghfm \biZ^dm p_glj ijh_dp���

ydbc lZdh` gZab\Zxlv lhqdhx ahjm� agZoh^blvky gZ h^g�c a hk_c kb-
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kl_fb dhhj^bgZl� dZjlbggZ �ijh_dp�cgZ� iehsbgZ i_ji_g^bdmeyjgZ

hilbqg�c hk�� Yd ijZ\beh� lhqdm ahjm �p_glj ijh_dp��� jhalZrh\mxlv

gZ hk� OZ� lh^� dZjlbggZ iehsbgZ [m^_ iZjZe_evgZ iehsbg� OXY kb-
kl_fb dhhj^bgZl �jbk� ���� 

 

          
 

Jbk� ��� I_j_lbgZggy Jbk� ��� Ko_fZ ih[m^h\b  
ijhf_gy a iehsbghx p_gljZevgh� ijh_dp�� 

 
< gZrhfm \biZ^dm lhqdZ &  ��� �� F� – p_glj ijh_dp�� �iheh`_ggy

kihkl_j�]ZqZ�� iehsbgZ ]  � – dZjlbggZ iehsbgZ� G_oZc lhqdZ 3  �[�

\� ]� fZ} ijh_dp�x 3
  �[
� \
� ��� Jha]eyg_fh ^\Z ih^�[gbo ljbdmlgbdZ

CPQ lZ CP'Q'� � aZibr_fh \�^ghr_ggy dZl_l�\�
&4

4&

34

43 



 = � Jha]ey�

g_fh ^\Z �grbo ih^�[gbo ljbdmlgbdZ CQ'O � CQB� � aZibr_fh \�^gh�

r_ggy dZl_l�\ ^ey gbo�
&4

&4

%4

24 

 = � A �grh]h [hdm fZ}fh� =
%4

24

 

]F

F

%&

2&

−
== � Hkd�evdb OQ' = x', BQ = x, P'Q' = y', PQ = yfZ}fh 
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Ydsh l_i_j ∞→F � lh hljbfZ}fh nhjfmem iZjZe_evgh� ijh_dp��� 
 





=
=
\\
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. 

 

GZklmigbf djhdhf g_h[o�^gh kijh_dlh\Zg_ ah[jZ`_ggy i_j_\_klb

\ dhhj^bgZlb _djZgm� P_ fh`gZ \bdhgZlb lZdbf qbghf� 
 





+=
+=

O\<<

O[;;
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^_ ��� �� <;  – k_j_^bgZ _djZgm� l – d�evd�klv i�dk_e�\ \ h^bgbp�� 
1kgm} a\
yahd h^ghj�^gbo dhhj^bgZl a hi_jZp�yfb p_gljZevgh� � iZ-

jZe_evgh� ijh_dp�c� ydbc fh`_ [mlb \bjZ`_gbc lZd� 
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>ey i_j_oh^m \�^ h^ghj�^gbo dhhj^bgZl ^h a\bqZcgbo� g_h[o�^gh

jha^�eblb \k� dhfihg_glb lhqdb gZ q_l\_jlm dhhj^bgZlm� 
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


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



−
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=

F
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>ey iZjZe_evgh� ijh_dp�� fZljbpy i_j_l\hj_ggy [m^_ fZlb \b�

]ey^� 
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�
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LZdbf qbghf� djhd ijh_dlm\Zggy fh`gZ hibkZlb \ l_jf�gZo fZl�

jbqgh� hi_jZp�� ^h[mldm� < j_amevlZl� pvh]h fb fh`_fh ih}^gZlb jZahf

hi_jZp�� i_j_l\hj_ggy h[¶}dlZ �i_j_g_k_ggy� fZkrlZ[m\Zggy� h[_jlZg�

gy yd� ihlj�[gh [m̂ _ j_Ze�am\Zlb \ gZklmig�c eZ[hjZlhjg�c jh[hl�� � hi_-
jZp�x ijh_dlm\Zggy \ h^gm aZ]Zevgm fZljbpx i_j_l\hj_ggy� :gZeh]�q-
gh fh`gZ ajh[blb a ijb\_^_ggyf lhqhd� yd� ijh_dlmxlvky� ^h _djZggbo

dhhj^bgZl� 
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LZdbf qbghf� \k� hi_jZp�� i_j_l\hj_ggy h[
}dlm ljb\bf�jgh]h

ijhklhjm gZ dZjlbggm iehsbgm �_djZg� fh`gZ hibkZlb \ l_jf�gZo fZl�

jbqgbo ^h[mld�\� 
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EZ[hjZlhjgZ�jh[hlZ�������

:n�gg��i_j_l\hj_ggy�m�ijhklhj��

AZ\^Zggy
 

1. Kl\hjblb ijh]jZfm� sh fZlbf_ ajmqgbc �gl_jn_ck �\�dgh� ]h�
eh\g_ f_gx� jy^hd klZlmkm lZ �g��� M \�dg� ijh]jZfb ih\bggh kl\hjx�
\Zlbky lZ \�^h[jZ`Zlbkv ah[jZ`_ggy n�]mjb� kl\hj_gh� \�^ih\�^gh aZ�
\^Zggy eZ[hjZlhjgh� jh[hlb ��� 

2. AZ ^hihfh]hx hi_jZp�c a fZljbpyfb � \_dlhjZfb j_Ze�am\Zlb
Zn�gg� i_j_l\hj_ggy n�]mjb �i_j_f�s_ggy m ijhklhj�� a[�evr_ggy Z[h
af_gr_ggy� ih\hjhlb�� Ijh]jZfZ ih\bggZ gZ^Z\Zlb fh`eb\�klv \bdh�
gZggy gZ^ n�]mjhx ljvho hkgh\gbo Zn�ggbo i_j_l\hj_gv� 

 
L_hj_lbqg� \�^hfhkl�

 
Ydsh aZ^ZgZ ljb\bf�jgZ kbkl_fZ dhhj^bgZl �x, y, z�� lh [m^v-yd_

i_j_l\hj_ggy m ijhklhj� [m^_ Zn�ggbf� ydsh \hgh fh`_ [mlb hibkZ�
gbf aZ ^hihfh]hx nhjfme� 

 

�10]/\.[=

+*])\([<

'&]%\$[;

+++=
+++=
+++=

 

 

^_ A, B, C, D, E, F, G, H, K, L, M, N  –dhgklZglb� AgZq_ggy �X,Y, Z) 
fh`gZ jha]ey^Zlb� yd dhhj^bgZlb \ gh\�c ljb\bf�jg�c kbkl_f� dhhj^b�

gZl� H[_jg_g_ i_j_l\hj_ggy �X, Y, Z) m �x, y, z)  lZdh` } Zn�ggbf� Yd

aZagZqZehky m eZ[hjZlhjg�c jh[hl� ��� Zn�gg� i_j_l\hj_ggy ajmqgh

aZibkm\Zlb m fZljbqghfm \b]ey^�� DhgklZglb A, B, C, E, F, G, K, L, M 
ml\hjxxlv fZljbpx i_j_l\hj_ggy� dhljZ� i�key fgh`_ggy gZ klh\i_pv

(x, y, z� ml\hjx} klh\i_pv �X, Y, Z�� LZd kZfh� yd � ^ey i_j_l\hj_gv gZ
iehsbg�� sh[ mjZom\Zlb dhgklZglb D, H, N g_h[o�^gh i_j_clb ^h h^�

ghj�^gbo dhhj^bgZl� >ey pvh]h ^h^Zfh s_ h^bg jy^hd m fZljbpyo dh-
hj^bgZl� 

�

������



















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















=
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
















]

\

[
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=

<
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Yd m`_ jha]ey^Zehkv m eZ[hjZlhjg�c jh[hl� ��� mk� Zn�gg� i_j_�

l\hj_ggy fh`gZ ij_^klZ\blb q_j_a ihke�^h\g_ aZklhkm\Zggy ljvho hk�

gh\gbo i_j_l\hj_gv� iZjZe_evgh]h akm\m� fZkrlZ[m\Zggy lZ ih\hjhlm� 
Jha]eyg_fh �o ^hdeZ^g�r_� 
1. IZjZe_evgbc akm\ 
:gZeh]�qgh ^h \biZ^dm i_j_l\hj_gv gZ iehsbg�� iZjZe_evgbc

akm\ m ijhklhj� fh`gZ ij_^klZ\blb aZ ^hihfh]hx j�\gygv� 
 







+=
+=
+=

G]]=

G\\<

G[[;

� Z[h m fZljbqg�c nhjf�� �

����

���

���

���



















G]

G\

G[

 

 

2. Jhaly]g_ggy�klbkdZggy �FZkrlZ[m\Zggy� 
Yd � m \biZ^dm i_j_l\hj_gv gZ iehsbg�� fZkrlZ[m\Zggyf h[¶}dl�\

[m^_fh gZab\Zlb �og} jhaly]g_ggy \a^h\` \�^ih\�^gbo hk_c dhhj^bgZl

\�^ghkgh ihqZldm dhhj^bgZl� A\bqZcgh� lZdZ hi_jZp�y aZklhkh\m}lvky

^h dh`gh� lhqdb h[¶}dlZ� lhfm ]h\hjylv ijh fZkrlZ[m\Zggy lhqhd�

GZcqZkl�r_ \bdhjbklh\mxlv h^ghj�^g_ fZkrlZ[m\Zggy� dheb dh_n�p�-
}glb jhaly]g_ggy \a^h\` mk�o ljvho dhhj^bgZlgbo hk_c h^gZdh\�� FZk-
rlZ[m\Zggy m ijhklhj� fh`gZ ij_^klZ\blb lZdbfb nhjfmeZfb� 

 




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=
=
=
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6\<

6[;










� Z[h m fZljbqg�c nhjf�� �

����

���

���
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
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\

[

6

6

6

 

 

A\bqZcgh� yd � m \biZ^dm gZ iehsbg�� dh_n�p�}glb Sx, Sy, Szfh�
`mlv [mlb yd ^h^Zlgbfb� lZd � \�^¶}fgbfb� 

3. Ih\hjhlb 
Ljb\bf�jg� i_j_l\hj_ggy h[_jlZggy } kdeZ^g�rbfb� g�` �o ^\h�

\bf�jg� ZgZeh]b� < ^Zghfm \biZ^dm g_h[o�^gh ^h^Zldh\h aZ^Zlb \�kv

h[_jlZggy� Jha]eyg_fh kihqZldm ijhkl� \biZ^db� dheb \�kv h[_jlZggy

a[�]Z}lvky a h^g�}x a dhhj^bgZlgbo hk_c. 
AgZc^_fh fZljbpx ih\hjhlm ^h\dheZ hk� 2= gZ dml ϕ� AZibr_fh

fZljbpx i_j_l\hj_ggy ^ey e�\h[�qgh� kbkl_fb dhhj^bgZl� Ke�^ aZagZ�

qblb� sh \ e�\h[�qg�c kbkl_f� dhhj^bgZl ihablb\gbfb [m^mlv ih\hjh�
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lb� sh \bdhgmxlvky aZ ]h^bggbdh\hx klj�edhx� ydsh ^b\blbky a d�gpy

ihablb\gh� i�\\�k� m gZijyfdm ihqZldm dhhj^bgZl �jbk� ���� 
 

 
Jbk� ��� Ih\hjhl gZ\dheh \�k� = 

 
< ^Zghfm \biZ^dm \�kv ih\hjhlm i_ji_g^bdmeyjgZ ^h iehkdhkl�

jbkmgdZ� � hkd�evdb fb \bdhjbklh\m}fh e�\h[�qgm kbkl_fm dhhj^bgZl�

lh h[_jlZggy ^h\dheZ hk� OZ a\h^blvky ^h ih\hjhlm lhqdb gZ iehsbg�

XOYgZ dml 3� Ijb pvhfm dhhj^bgZlZ z lhqdb h[_jlZggy g_ af�gx}lvky�
LZdbf qbghf� nhjfmem ih\hjhlm lhqdb (x,y,z)^h\dheZ hk� OZ gZ dml ϕ 
fh`gZ aZibkZlb lZdbf qbghf� 

 







=
ϕ+ϕ=
ϕ−ϕ=
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\[\
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Z[h \ fZljbqg�c nhjf�  
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���

�FRVVLQ
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=
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





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



]

\

[

]

\

[

 

 

Af�gbfh l_i_j iheh`_ggy dhhj^bgZlgbo hk_c e�\h[�qgh� kbkl_fb

dhhj^bgZl lZd� sh[ \�kv OY [meZ gZijZ\e_gZ \ iehsbgm jbkmgdZ� Lh^�

ihablb\gZ i�\\�kv OZ [m^_ gZijZ\e_gZ ]hjbahglZevgh ijZ\hjmq� Z ih�

ablb\gZ i�\\�kv OX – \_jlbdZevgh \]hjm �jbk� �4). 
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Jbk� �4. Ih\hjhl gZ\dheh \�k� < 

 
HljbfZlb nhjfmem ih\hjhlm lhqdb ^h\dheZ hk� OYgZ dml β fh`gZ

aZf�gb\rb x gZ z, y gZ x m nhjfme� ^\h\bf�jgh]h ih\hjhlm� Ijb pvhfm
dhhj^bgZlZ y lhqdb \ ijb lZdhfm h[_jlZgg� g_ af�gx}lvky� <gZke�^hd

qh]h nhjfmeZ h[_jlZggy lhqdb (x, y, z)̂ h\dheZ hk� OYgZ dml β fZlbf_

gZklmigbc \b]ey^�  







β+β−=
=

β+β=

FRV�VLQ�





VLQFRV


][]
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Z[h \ fZljbqg�c nhjf�  
 

�

FRV�VLQ

���

VLQ�FRV
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
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ββ−

ββ
=


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




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

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

]

\

[

]

\

[

 

 

:gZeh]�qgh ihklmiZ}fh a \�kkx h[_jlZggy OX� Af�gbfh iheh`_g�
gy dhhj^bgZlgbo hk_c lZd� sh[ \�kv OX [meZ gZijZ\e_gZ \ iehsbgm

jbkmgdZ� \�kv OY - ]hjbahglZevgh ijZ\hjmq� \�kv OZ - \_jlbdZevgh \]h�
jm �jbk� ���� 

 
Jbk� ��� Ih\hjhl gZ\dheh \�k� ; 

 



 27 

AZf�gb\rb m nhjfme� ^\h\bf�jgh]h ih\hjhlm y gZ z, x gZ y� hljb�
fZ}fh nhjfmem h[_jlZggy lhqdb (x, y, z)̂ h\dheZ hk� 2; gZ dml .�  

 





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α+α=
α−α=

=

�FRVVLQ
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Z[h \ fZljbqg�c nhjf�  
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VLQFRV�

���












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
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α−α=


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
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\

[
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Kihk�[ ^\h\bf�jgh]h iehkdh]h ih\hjhlm ^h\dheZ ^h\�evgh� lhqdb

fh`_ [mlb maZ]Zevg_gbc gZ \biZ^hd ih\hjhlm ^h\dheZ ^h\�evgh� hk�

ljb\bf�jgh]h ijhklhjm� OZc ^h\�evgZ \�kv ih\hjhlm aZ^Z}lvky \_dlh�

jhf P1P2� ijbqhfm P1 = (a,b,c) – lhqdZ� sh \bagZqZ} ihqZlhd \_dlhjZ�

Z P2 = (m,l,n) – d�g_pv \_dlhjZ �jbk� ���. 
 

 
Jbk� ��� <_dlhj hk� ih\hjhlm m ijhklhj� 

 
Ih\hjhl gZ\dheh \dZaZgh� \�k� �\_dlhjZ P1P2� gZ dml θ \bdhgm}lvky

\ ^_d�evdZ _lZi�\� 
1. IZjZe_evgbc akm\ \_dlhjZ lZd� sh[ ihqZlhd \_dlhjZ �lhqdZ P1) 

ki�\iZ\ a ihqZldhf kbkl_fb dhhj^bgZl� P_ a^�ckgx}lvky aZ ^hihfh]hx

hi_jZp�� i_j_ghkm T(–a, –b, –c); 
2. Ih\hjhl gZ\dheh \�k� OYgZ dml β lZd� sh[ \_dlhj (m, l, n) hib�

gb\ky \ iehsbg� OYZ: Ry(β); 
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3. Ih\hjhl gZ\dheh \�k� OX gZ dml α lZd� sh[ \_dlhj (m', l', n') 
ki�\iZ\ a \�kkx OZ: Rx(α); 

4. Ih\hjhl gZ\dheh \�k� OZgZ \dZaZgbc dml �� Rz(θ); 
5. <bdhgZggy i_j_l\hj_ggy� a\hjhlgh]h lhfm� sh [meh \bdhgZgh

gZ djhp� �� Lh[lh ih\hjhl gZ\dheh \�k� OXgZ dml – α; 
6. <bdhgZggy i_j_l\hj_ggy� a\hjhlgh]h lhfm� sh [meh \bdhgZgh

gZ djhp� �� Lh[lh ih\hjhl gZ\dheh \�k� OYgZ dml – β; 
7. <bdhgZggy i_j_l\hj_ggy� a\hjhlgh]h lhfm� sh [meh \bdhgZgh

gZ djhp� �� Lh[lh iZjZe_evgbc akm\ gZ \_dlhj (a,b,c):T(a,b,c) 
GZ\_^_gbc Ze]hjblf h[_jlZggy gZ\dheh ^h\�evgh� hk� fh`gZ aZ�

ibkZlb aZ ^hihfh]hx ^h[mldm ihke�^h\ghkl� _e_f_glZjgbo fZljbpv� 
 

9FED755555FED79 \[][\ ⋅−−−⋅β⋅α⋅θ⋅α−⋅β−⋅= ������������������
 , 
 

^_ V – ihqZldh\Z lhqdZ� V' – lhqdZ i�key h[_jlZggy. 
AZebrbehkv \bagZqblb� qhfm ^hj�\gxxlv dmlb h[_jlZggy α � β 

�jbk� ���� 
 

 
Jbk� ��� Dmlb ijb ih\hjhl� gZ\dheh \dZaZgh� hk� 

 

A ijhklbo ljb]hghf_ljbqgbo ki�\\�^ghr_gv fh`gZ hljbfZlb gZ�

klmig� nhjfmeb� 
 

�FRV�FRV
���

��

��
OQP

QP

QP

Q

++

+=α
+

=β  

 

Yd \b^gh� hi_jZp�� ljb\bf�jgh]h fZkrlZ[m\Zggy � ih\hjhlm fh�

`mlv [mlb j_Ze�ah\Zg� aZ ^hihfh]hx fgh`_ggy \_dlhjZ-klh\ipy �lhq�

db� gZ fZljbpx i_j_l\hj_ggy� Ijhl_� hi_jZp�y iZjZe_evgh]h akm\m j_�

Ze�am}lvky q_j_a kdeZ^Zggy ^\ho \_dlhj�\-klh\ip�\� :gZeh]�qgh lhfm�

yd \k� ^\h\bf�jg� i_j_l\hj_ggy �iZjZe_evgbc akm\� fZkrlZ[m\Zggy  
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� ih\hjhl� hibkmxlvky fZljbpyfb jhaf�jhf �o� �q_j_a h^ghj�^g� dhhj�

^bgZlb�� ljb\bf�jg� i_j_l\hj_ggy fh`mlv [mlb ij_^klZ\e_g� m \b]ey^�

fZljbpv jhaf�jhf �o�� Lh^� lhqdZ ljb\bf�jgh]h ijhklhjm (x,y,z)aZib�
km}lvky \ h^ghj�^gbo dhhj^bgZlZo yd Wx,Wy,Wz,W� ^_ W��� Ydsh W��, 
lh ^ey hljbfZggy ljb\bf�jgbo ^_dZjlh\bo dhhj^bgZl lhqdb (x, y, z) 
i_jr� ljb h^ghj�^g� dhhj^bgZlb ihlj�[gh jha^�eblb gZ W� A\�^kb \bl��

dZ}� sh ^\� lhqdb H1 � H2 \ ijhklhj� h^ghj�^gbo dhhj^bgZl hibkmxlv

h^gm � lm ` lhqdm ljb\bf�jgh]h ijhklhjm \ lhfm � ebr_ lhfm \biZ^dm�

dheb H1 = c * H2 ^ey [m^v-ydh� dhgklZglb c� sh g_ ^hj�\gx} gmex� LZ�

dbf qbghf� i_j_l\hj_ggy lhqdb ljb\bf�jgh]h ijhklhjm P=(x,y,z)\ gh�
\m lhqdm P'=(x',y',z') a \bdhjbklZggyf h^ghj�^gbo dhhj^bgZl fh`gZ aZ�

ibkZlb yd�  
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J�\gyggy ljb\bf�jgh]h iZjZe_evgh]h akm\m� fZkrlZ[m\Zggy � ih�

\hjhlm aZibkmxlvky m \b]ey^� fZljbpv i_j_l\hj_ggy h^ghj�^gbo dhhj�

^bgZl lZdbf qbghf� 
1) IZjZe_evgbc i_j_ghk� 
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2) FZkrlZ[m\Zggy� 
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3) Ih\hjhlb�  



 30

• GZ\dheh hk� X: 
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• GZ\dheh hk� Y: 
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• GZ\dheh hk� Z: 
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, 

 

^_ Tx,Ty,Tz – \_ebqbgb i_j_g_k_ggy \a^h\` hk_c OX, OY, OZ \�^ih\�^�
gh� Sx,Sy,Sz – fZkrlZ[g� fgh`gbdb \a^h\` hk_c OX, OY, OZ \�^ih\�^�

gh� Rx(α), Ry(β), Rz(ϕ) – fZljbp� h[_jlZggy gZ\dheh hk_c OX, OY, OZ 
gZ dmlb α, β, ϕ \�^ih\�^gh� 

Yd � \ ^\h\bf�jghfm \biZ^dm� fZljbqgbc i�^o�^ ^ha\hey} ih}^gZ�
lb ^\Z Z[h [�evr _e_f_glZjgbo i_j_l\hj_ggy \ h^g_� LZdbf qbghf�
ihke�^h\g_ aZklhkm\Zggy ^\ho i_j_l\hj_gv T1 lZ T2 fh`_ [mlb aZf�g_gh
aZklhkm\Zggyf h^gh]h i_j_l\hj_ggy T� ijbqhfm fZljbpy T ^hj�\gx\Z�
lbf_ ^h[mldm fZljbpv i_j_l\hj_gv T1 lZ T2� P_ e_]dh ih[Zqblb gZ ijh�
klhfm ijbdeZ^�� G_oZc lhqdZ (x,y,z)ljZgknhjfm}lvky \ lhqdm (x',y',z')aZ
^hihfh]hx i_j_l\hj_ggy T1:  
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AZklhkm\Z\rb ^Ze� i_j_l\hj_ggy T2 ^h lhqdb (x', y', z')� hljbfZ}fh
lhqdm 
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L_i_j� i�^klZ\b\rb i_jrbc \bjZa m ^jm]bc� hljbfZ}fh� 
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Ijbqhfm ihjy^hd aZklhkm\Zggy i_j_l\hj_gv fZ} [mlb a[_j_`_gbc

ijb h[qbke_gg� ^h[mldm \�^ih\�^gbo fZljbpv� 
 

EZ[hjZlhjgZ�jh[hlZ������

:e]hjblfb�\b^Ze_ggy�g_\b^bfbo�e�g�c�

 
AZ\^Zggy
 

1. Kl\hjblb ijh]jZfm� sh fZlbf_ ajmqgbc �gl_jn_ck �\�dgh� ]h�

eh\g_ f_gx� jy^hd klZlmkm lZ �g��� M \�dg� ijh]jZfb ih\bggh kl\hjx�

\Zlbky lZ \�^h[jZ`Zlbkv ah[jZ`_ggy n�]mjb� kl\hj_gh� \�^ih\�^gh aZ\-
^Zgv eZ[hjZlhjgbo jh[�l ������ 

2. AZ ^hihfh]hx f_lh^�\ lZ Ze]hjblf�\ \b^Ze_ggy g_\b^bfbo e��

g�c lZ ih\_johgv kl\hjblb [�evr j_Ze�klbqg_ ah[jZ`_ggy ljb\bf�jgh�

n�]mjb Ijh]jZfZ ih\bggZ gZ^Z\Zlb fh`eb\�klv \bdhgZggy gZ^ n�]m�

jhx ljvho hkgh\gbo Zn�ggbo i_j_l\hj_gv� yd m eZ[hjZlhjg�c jh[hl�

� �� Z lZdh` \fbdZlb lZ \bfbdZlb j_`bf \b^Ze_ggy g_\b^bfbo e�g�c� 

L_hj_lbqg� \�^hfhkl�
 

AZ^ZqZ \b^Ze_ggy g_\b^bfbo e�g�c lZ ih\_johgv } h^g�}x a  
gZc[�evr p�dZ\bo lZ kdeZ^gbo m dhfi
xl_jg�c ]jZn�p�� :e]hjblfb \b�
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^Ze_ggy ihey]Zxlv m \bagZq_gg� e�g�c j_[_j� ih\_johgv Z[h h[
}f�\�
yd� } \b^bfbfb Z[h g_\b^bfbfb ^ey kihkl_j�]ZqZ� sh agZoh^blvky  
\ mdZaZg�c lhqp� ijhklhjm�  

G_h[o�^g�klv \b^Ze_ggy g_\b^bfbo e�g�c� j_[_j� ih\_johgv Z[h

h[
}f�\ ijh�exkljh\ZgZ gZ jbk�18� Jbkmghd gZhqgh ^_fhgkljm}� sh ah�
[jZ`_ggy [_a \b^Ze_ggy g_\b^bfbo e�g�c kijbcfZ}lvky g_h^ghagZqgh� 

 

 
Jbk� ��� G_h^ghagZqg�klv kijbcgylly ah[jZ`_ggy dm[Z 

 
KdeZ^g�klv aZ^Zq� \b^Ze_ggy g_\b^bfbo e�g�c lZ ih\_johgv ijb�

a\_eZ ^h ihy\b \_ebdh� d�evdhkl� j�aghfZg�lgbo kihkh[�\ �� jha\
yaZggy�

;Z]Zlh a gbo hj�}glh\Zg� gZ ki_p�Ze�ah\Zg� ^h^Zldb� /^bgh]h �aZ]Zevgh�

]h� jha\
yadm p�}� aZ^Zq�� ydbc [m\ [b ijb^Zlgbf ^ey mk�o j�aghfZg�lgbo

\biZ^d�\� ijbjh^gh� g_ �kgm}� >ey dh`gh]h \biZ^dm h[bjZ}lvky f_lh^�

sh gZc[�evr i�^oh^blv� GZijbdeZ^� ^ey fh^_ex\Zggy ijhp_k�\ m j_-
Zevghfm qZk� ihlj�[g� r\b^d� Ze]hjblfb� \ lhc qZk yd ^ey nhjfm\Zggy

kdeZ^gh]h j_Ze�klbqgh]h ah[jZ`_ggy� \ ydhfm ij_^klZ\e_g� l�g�� ijh�

ahj�klv � nZdlmjZ� sh \jZoh\mxlv _n_dlb \�^^a_jdZe_ggy � aZehfe_ggy 
dhevhjm m gZcf_grbo \�^l�gdZo� nZdlhj qZkm \bdhgZggy \`_ g_ lZdbc

\Z`eb\bc� Ih^�[g� Ze]hjblfb ijZpxxlv ih\�evgh� � qZklh gZ h[qbk�

e_ggy ihlj�[gh ^_d�evdZ o\bebg Z[h gZ\�lv ]h^bg� 1kgm} l�kgbc \aZ}fh�

a\
yahd f�` r\b^d�klx jh[hlb Ze]hjblfm � ^_lZevg�klx ch]h j_amevlZ�

lm� @h^_g a Ze]hjblf�\ g_ fh`_ ^hky]gmlb ]Zjgbo hp�ghd ^ey pbo ^\ho

ihdZagbd�\ h^ghqZkgh� Ih f�j� kl\hj_ggy \k_ [�evr r\b^dbo Ze]hjbl�

f�\ fh`gZ [m^m\Zlb \k_ [�evr ^_lZevg� ah[jZ`_ggy� J_Zevg� aZ\^Zggy�

h^gZd� aZ\`^b [m^mlv \bfZ]Zlb \jZoh\m\Zlb s_ [�evrm d�evd�klv ^_lZ�

e_c� 
<k� Ze]hjblfb lZdh]h jh^m lZd qb �gZdr_ \dexqZxlv \ k_[_ khjlm�

\Zggy� ijbqhfm ]heh\g_ khjlm\Zggy \_^_lvky ih ]_hf_ljbqg�c \�^klZg�

\�^ l�eZ� ih\_jog�� j_[jZ qb lhqdb ^h lhqdb kihkl_j�]Zggy Z[h dZjlbg�

gh� iehsbgb� Hkgh\gZ �^_y� sh ihdeZ^_gZ \ hkgh\m khjlm\Zggy ih \�^�

klZg�� ihey]Z} \ lhfm� sh qbf ^Ze� jhalZrh\Zgbc h[
}dl \�^ lhqdb  
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kihkl_j�]Zggy� lbf [�evr_ cfh\�jg�klv lh]h� sh \�g [m^_ ih\g�klx Z[h

qZkldh\h aZdjblbc h^gbf a h[
}dl�\� [�evr [ebavdbo ^h lhqdb kihkl_j��

]Zggy� I�key \bagZq_ggy \�^klZg_c Z[h ij�hjbl_l�\ aZ ]eb[bghx aZeb�

rZ}lvky ijh\_klb khjlm\Zggy ih ]hjbahglZe� lZ ih \_jlbdZe�� sh[ a
y�

km\Zlb� qb [m^_ h[
}dl� sh jha]ey^Z}lvky� ^�ckgh aZdjblbc h[
}dlhf�

ydbc jhalZrh\Zgbc [eb`q_ ^h lhqdb kihkl_j�]Zggy� ?n_dlb\g�klv

[m^v-ydh]h Ze]hjblfm \b^Ze_ggy \ agZqg�c f�j� aZe_`blv \�^ _n_dlb\�
ghkl� ijhp_km khjlm\Zggy� 

>hdeZ^gh [�evr�klv pbo Ze]hjblf�\ hibkZg� m jh[hl� >�@� Lml jha�

]eyg_fh ebr_ hkgh\g�� ;�evr�klv a gbo fh`gZ agZqgh ihe�irblb� ydsh

\bdhgZlb ihi_j_^g� h[qbke_ggy sh^h \b^Ze_ggy g_ebp_\bo ]jZg_c�

lh[lh lbo ]jZg_c� yd� ih\g�klx i_j_djb\Zxlvky �grbfb� 
:e]hjblf \b^Ze_ggy g_ebp_\bo ]jZg_c kihqZldm \b^Zey} a dh`gh�

]h [Z]Zlh]jZggbdZ l� j_[jZ Z[h ]jZg�� yd� _djZgmxlvky kZfbf l�ehf�

>ey pvh]h fh`gZ \bdhjbklZlb ijhklbc l_kl� ydsh h^gZ Z[h h[b^\� km�

f�`g� ]jZg� h[_jg_g� k\h}x ah\g�rgvhx ih\_jog_x ^h kihkl_j�]ZqZ� lh

j_[jh } \b^bfbf� P_c l_kl \bdhgm}lvky h[qbke_ggyf kdZeyjgh]h ^h[ml-
dm dhhj^bgZl \_dlhjZ� sh gZijZ\e_gbc \�^ [Z]Zlh]jZggbdZ ^h kihkl_j��

]ZqZ� gZ \_dlhj ah\g�rgvh� ghjfZe� ]jZg�� ydsh j_amevlZl ^h^Zlgbc� lh

]jZgv \b^bfZ� 
Jha]eyg_fh p_c l_kl [�evr ^hdeZ^gh� G_oZc ]jZgv ml\hj_gZ \_j�

rbgZfb� sh fZxlv dhhj^bgZlb �X0, Y0, Z0), (X1, Y1, Z1), (X2, Y2, 

Z2),…,(X
d
, Y

d
, Z

d
�� <_dlhj ah\g�rgvh� ghjfZe� 1 � sh fZ} dhhj^bgZlb

(Xn, Yn, Zn) fh`gZ h[qbkeblb� gZijbdeZ^ q_j_a \_dlhjgbc ^h[mlhd \_d�
lhj�\ j_[_j� sh ml\hjxxlv ]jZgv� 

 

21 VVN ×= � ^_ ����� ������� ==<<;;9 −−−  

���� ������� ==<<;;9 −−− . 
 

A dmjkm fZl_fZlbdb \�^hfh� sh dhhj^bgZlb \_dlhjZ 1 fh`gZ h[�

qbkeblb aZ nhjfmeZfb�  
 

�������� �������� ==<<==<<1 [ −−−−−= , 

�������� �������� ;;==;;==1 \ −−−−−= , 

��������� �������� <<;;<<;;1= −−−−−=  
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LZdbf qbghf� hljbfZ}fh \_dlhj 1  (Nx, Ny, Nz). Ydsh kihkl_j�]Zq
agZoh^blvky \ lhqp� C(0,0,c)�yd gZ jbk� ���� lh \_dlhj� sh gZijZ\e_gbc

^h kihkl_j�]ZqZ ���� ]\[ 9999 [m^_ fZlb lZd� dhhj^bgZlb� Vx = 0-X0, 

Vy=0-Y0, Vz=c-Z0. LZdbf qbghf fZ}fh ���� ��� =F<;9 −− � L_i_j aZeb�

rbehkv h[qbkeblb kdZeyjgbc ^h[mlhd \_dlhj�\ +⋅=⋅ [[ 9119 �  

�]]\\ 9191 ⋅+⋅+ � Yd [meh aZagZq_gh \bs_� ydsh p_c ^h[mlhd ^h^Zl-

gbc� lh ]jZgv } \b^bfhx� ydsh ^h[mlhd \�^¶}fgbc� Z[h ^hj�\gx} gmex – 
]jZgv g_\b^bfZ� 

I�key \bagZq_ggy lbo ]jZg_c� yd� } ih\g�klx g_\b^bfbfb� hkd�ev�

db h[_jg_g� ^h kihkl_j�]ZqZ g_ebp_\hx klhjhghx� fZex\Zlb \k� �gr�

]jZg� \jZoh\mxqb lhc nZdl� sh \hgb fh`mlv [mlb qZkldh\h _djZgh\Zg�

�grbfb ]jZgyfb� >ey pvh]h fh`gZ kdhjbklZlbky f_lh^hf Z-[mn_jZ. 
P_ h^bg a gZcijhkl�rbo Ze]hjblf�\ \b^Ze_ggy g_\b^bfbo ih\_j�

ohgv� <i_jr_ \�g [m\ aZijhihgh\Zgbc D_lfmehf \ ���� j. (̂ hdeZ^g�r_
ijh p_c Ze]hjblf fh`gZ ijhqblZlb \ >4]). IjZpx} p_c Ze]hjblf \ ijh�

klhj� ah[jZ`_ggy� 1^_y Z-[mn_jZ } ijhklbf maZ]Zevg_ggyf �^_� ijh [m�

n_j dZ^jm� ;mn_j dZ^jm \bdhjbklh\m}lvky ^ey aZiZf
ylh\m\Zggy Zljb�

[ml�\ dh`gh]h i�dk_ey \ ijhklhj� ah[jZ`_ggy� Z Z-[mn_j ijbagZq_gbc
^ey aZiZf
ylh\m\Zggy ]eb[bgb �\�^klZg� \�^ dZjlbggh� iehkdhkl�� dh`�

gh]h \b^bfh]h i�dk_ey \ ijhklhj� ah[jZ`_ggy� Hkd�evdb ^hklZlgvh

ihrbj_gbf } \bdhjbklZggy dhhj^bgZlgh� iehsbgb XOY \ ydhkl� dZj�

lbggh� iehsbgb� lh ]eb[bgZ ^hj�\gx} dhhj^bgZl� Z lhqdb� a\�^kb � gZa-
\Z [mn_jZ� < ijhp_k� jh[hlb agZq_ggy ]eb[bgb dh`gh]h gh\h]h i�dk_ey�

dhljbc ihlj�[gh aZg_klb \ [mn_j dZ^jm� ihj�\gx}lvky a ]eb[bghx lh]h

i�dk_ey� dhljbc \`_ aZg_k_gbc ^h Z-[mn_jm� Ydsh p_ ihj�\gyggy ihdZ�
am}� sh gh\bc i�dk_ev jhalZrh\Zgbc ihi_j_^m i�dk_ey� sh agZoh^blvky

\ [mn_j� dZ^jm� lh gh\bc i�dk_ev aZghkblvky \ p_c [mn_j �� dj�f lh]h�

\bdhgm}lvky dhj_]m\Zggy Z-[mn_jZ gh\bf agZq_ggyf ]eb[bgb� Ydsh ` ih-
j�\gyggy ^Z} ijhlbe_`gbc j_amevlZl� lh `h^gbo ^�c g_ \bdhgm}lvky�

GZkijZ\^�� Ze]hjblf } ihrmdhf ih x lZ y gZc[�evrh]h agZq_ggy nmgd�
p�� z(x,y). 

=heh\gZ i_j_\Z]Z Ze]hjblfm – ch]h ijhklhlZ� Dj�f lh]h� p_c Ze]h�
jblf \bj�rm} aZ^Zqm ijh \b^Ze_ggy g_\b^bfbo ih\_johgv � jh[blv
ljb\�Zevghx \�amZe�aZp�x kdeZ^gbo ih\_johgv� Kp_gb fh`mlv [mlb
[m^v-ydh� kdeZ^ghkl�� Hkd�evdb ]Z[Zjblb ijhklhjm ah[jZ`_ggy n�dkh�
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\Zg�� hp�gdZ h[qbkex\Zevgh� ljm^hf�kldhkl� Ze]hjblfm g_ [�evr_ g�`
e�g�cgZ� Hkd�evdb _e_f_glb kp_gb Z[h dZjlbgdb fh`gZ aZghkblb \ [m�
n_j dZ^jm Z[h \ Z-[mn_j \ ^h\�evghfm ihjy^dm� �o g_ ihlj�[gh aZa^Ze_�
]�^v khjlm\Zlb aZ ij�hjbl_lhf ]eb[bgb� Lhfm _dhghfblvky h[qbkex-
\Zevgbc qZk� sh \bljZqZ}lvky gZ khjlm\Zggy aZ ]eb[bghx� 

Hkgh\gbc g_^he�d Ze]hjblfm – \_ebdbc h[ky] g_h[o�^gh� iZf
yl��
HklZgg�f qZkhf m a\
yadm a r\b^dbf ajhklZggyf fh`eb\hkl_c h[qbk�
ex\Zevgh� l_og�db p_c g_^he�d klZ} f_gr e�f�lmxqbf� :e_ \ lhc qZk�
dheb Ze]hjblf s_ ebr_ a
y\b\ky� ^h\h^behky \bgZoh^blb kihkh[b
kl\hj_ggy [mn_jZ yd fh`gZ [�evrh]h h[
}fm ijb gZy\ghfm j_kmjk� iZ�
f
yl�� 

GZijbdeZ^� fh`gZ jha[b\Zlb ijhkl�j ah[jZ`_ggy gZ �� �� Z[h [�ev-
r_ ijyfhdmlgbd�\ Z[h kfm]� M ]jZgbqghfm \Zj�Zgl� fh`gZ \bdhjbklh�
\m\Zlb [mn_j jhaf�jhf \ h^bg jy^hd jha]hjldb� >ey hklZggvh]h \biZ^�
dm [m\ jhajh[e_gbc Ze]hjblf ihjy^dh\h]h kdZgm\Zggy� Hkd�evdb dh`_g
_e_f_gl kp_gb h[jh[ey}lvky [Z]Zlh jZa� lZ k_]f_glZp�y Z-[mn_jZ� \aZ�
]Ze� dZ`mqb� ijba\h^blv ^h a[�evr_ggy qZkm� g_h[o�^gh]h ^ey h[jh[db
kp_gb� 1grbc g_^he�d Ze]hjblfm ihey]Z} \ ljm^hf�kldhkl� j_Ze�aZp��
_n_dl�\� ih\
yaZgbo a gZi�\ijhahj�klx� � jy^hf �grbo ki_p�Zevgbo aZ�
\^Zgv� sh i�^\bsmxlv j_Ze�klbqg�klv ah[jZ`_ggy� Hkd�evdb Ze]hjblf
aZghkblv i�dk_e� \ [mn_j dZ^jm \ ^h\�evghfm ihjy^dm� lh ^hkblv kdeZ^�
gh hljbfZlb �gnhjfZp�x� ydZ g_h[o�^gZ ^ey f_lh^�\� sh �jmglmxlvky
gZ ihi_j_^gvhfm ZgZe�a� kp_gb� 

< p�ehfm Ze]hjblf \b]ey^Z} lZd� 
1. AZih\gblb [mn_j dZ^jm nhgh\bf agZq_ggyf dhevhjm� 
2. AZih\gblb Z-[mn_j f�g�fZevgbf agZq_ggyf z �]eb[bgb� � 
3. I_j_l\hjblb ah[jZ`m\Zg� h[
}dlb \ jZkljh\m nhjfm \ ^h\�ev�

ghfm ihjy^dm� 
4. >ey dh`gh]h h[
}dlZ� 
���� >ey dh`gh]h i�dk_ey (x,y) h[jZam h[qbkeblb ch]h ]eb[bgm

z(x,y). 
���� Ihj�\gylb ]eb[bgm z(x,y) a� agZq_ggyf ]eb[bgb� sh a[_j�]Z�

}lvky \ Z-[mn_j� \ l�c kZf�c ihabp��� 
���� Ydsh z(x,y)>Z-[mn_j�[�\�� lh aZg_klb Zljb[mlb i�dk_ey \ [m�

n_j dZ^jm � aZf�gblb Z-[mn_j�[�\� gZ z(x,y)� 1gZdr_ `h^gbo ^�c g_ \b�
dhgm\Zlb� 

1kgmxlv � �gr� Ze]hjblfb \b^Ze_ggy g_\b^bfbo e�g�c lZ ih\_j�
ohgv� ^hdeZ^g�r_ ijh gbo fh`gZ ijhqblZlb m e�l_jZlmj�� gZijbdeZ^
[1,2]. 
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